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Abstract
We have constructed a four-fermion theory coupled to a Yang-
Mills-Chern-Simons gauge field which admits static multi-vortex so-
lutions. This is achieved through the introduction of an anomalous
magnetic interation term in addition to the usual minimal coupling,
and the appropriate choice of the fermion quartic coupling constant.
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Since the introduction of the Chern-Simons action [1] as a new possible gauge field
theory in (2 + 1)-dimensional space-time, it has been successfully applied to explain
various (2 + 1)-dimensional phenomena including the high Tc superconductivity and
the integral and fractional quantum Hall effects. The Chern-Simons term has also
made it possible to construct various field theoretic models which possess classical
vortex solutions with various physically interesting properties [2]-[10]. They include
the relativistic [2] and non-relativistic [3] scalar field theories interacting with Abelian
Chern-Simons fields, which admit static multi-vortex solutions saturating the Bogo-
mol’nyi bound [4] that reduces the second-order field equations to the first-order ones.
The vortex solutions have also been found for the scalar theories coupled to both the
Maxwell and Chern-Simons terms [5]. Such theories with static votex solutions have
also been extended by introducing supersymmetry [6] and by adding a new interaction
term such as anomalous magnetic interation term [7].
The Chern-Simons gauge theories coupled to the relativistic [8] and non-relativistic
[9] [10] fermion matter fields have also been found to admit static votex solutions.
Recently it has been found that the four-fermion theory coupled to a Maxwell-Chern-
Simons field admits static vortex solutions that have an interesting physical property
[11]. In this theory two matter currents, the electromagnetic current and a new
topological current associated with the electromagnetic current, couple to the gauge
field. This may provide an interesting model for studying the dynamical properties
of magnetic vortices from the field theoretic point of view. It is the purpose of this
paper to study the non-Abelian generalization of this model.
We consider the self-interacting spinor field theory coupled to a non-Abelian Yang-
Mills-Chern-Simons field described by the Lagrangian,
L = −
1
2
Tr(F µνFµν) +
κ
2
ǫµνρTr(FµνAρ −
1
3
Aµ[Aν , Aρ])
+iψ¯γµDµψ −mψ¯ψ +
1
2
g(ψ¯T aψ)(ψ¯T aψ), (1)
where γ matrices are chosen to be
γ0 = σ3, γ1 = iσ1, γ2 = iσ2, (2)
in terms of the Pauli matrices σi, the vector potentials are represented as anti-
Hermitian matrices as
Aµ = A
a
µT
a, (3)
with the group generators T a satisfying
[T a, T b] = fabcT c (4)
(T a)† = −T a, (5)
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and the spinor field ψ transforms as an irreducible representation of the Lie group
generated by T a. We introduce the covariant derivative Dµ including both the usual
minimal coupling and the magnetic moment interaction with the magnetic moment
u [7],
Dµψ = Dµψ +
u
4
ǫµνρF
νρψ (6)
where Dµ = ∂µ + Aµ.
The equations of motion are
iγµDµψ −mψ + gT
a(ψ¯T aψ)ψ = 0, (7)
DαF
αβ,a +
κ
2
ǫβαλF aαλ = −iψ¯γ
βT aψ − i
u
2
ǫβαλDα(ψ¯γλT
aψ). (8)
Note that the anti-Hermitian matrix version of the current density reads
jµ = T
ajaµ = −iT
a(ψ¯γµT
aψ), (9)
and the matter density is defined as
ρ = T aρa = −iT a(ψ†T aψ). (10)
We will show that the system described by the Lagrangian (1) supports static
vortex solutions. For this purpose, we choose the temporal gauge, A0 = 0, and
consider the gauge field Ai to be static. We take the fermion field ψ in component
form, ψ =
(
ψ+
ψ−
)
e−iEf t, where Ef is a constant, and
(
1
0
)
is the spin-up and
(
0
1
)
the
spin-down Pauli spinors [8, 11]. The equation of motion (7) can then be written as
coupled equations for ψ+ and ψ−. If we choose the spinor field as
ψ = ψ+
(
1
0
)
e−iEf t, (11)
then the field equation (7) reduces to
(Ef −m+ igρ
a
+T
a + i
u
2
F 12,aT a)ψ+ = 0, (12)
D+ψ+ = 0, (13)
due to the choise of γ matrices (2), and if we take
ψ = ψ−
(
0
1
)
e−iEf t, (14)
Eq.(7) reduces to
(−Ef −m− igρ
a
−T
a − i
u
2
F 12,aT a)ψ− = 0, (15)
3
D−ψ− = 0, (16)
where D± = D1 ± iD2 and ρ± = −iT a(ψ
†
±T
aψ±). Di = Di, for i = 1, 2 since we
have chosen the gauge condition, A0 = 0. Above equations show that the fermion
fields, ψ+ and ψ−, satisfy the self-dual equations.
From Eqs.(2), (11) and (14), we find ψ¯γiψ = 0 , which implies that ǫ0ijDi(ψ¯γjψ) =
0, for i, j = 1, 2. Then due to Eqs.(11) and (14), Eq.(8) reduces to
F a12T
a ≡ −B =
1
κ
ρa±T
a (17)
DiF
ij,a = −
u
2
ǫ0ijDiρ
a
±, (18)
where (17) is the Gauss’ law constraint. For the above two equations to be consistent
constants u and κ must satisfy the condition
u = −
2
κ
. (19)
This shows that for the theory (1) to have consistent static field equations, one need
to introduce the anomalous magnetic interation term. For the Eqs.(12) and (15) to
be consistent with the Gauss’ law constraint (17), the quartic coupling constant must
satisfy,
g =
u2
4
, (20)
and
(Ef −m)ψ+ = 0,
(−Ef −m)ψ− = 0, (21)
which determine the constant Ef for the solutions (11) and (14), respectively. The
self-dual equations (13) and (16) then become
D±ψ± = 0. (22)
This result corresponds to the fermion version of the non-Abelian generalization [12]
[13] of the Jackiw-Pi model [3].
To solve the self-dual equations, we use the adjoint representation for the matter
fields and define the matter field matrix Ψ by contracting the multiplet ψ with gen-
erators of the Lie algebra. We usually denote the representation of the generators by
T a = T a (T a is (2i)−1 times the Pauli matrices or Gell-Mann matrices for SU(2) and
SU(3), respectively):
Ψmn = ψa(T
a)mn. (23)
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In this representation, the self-dual matter field equation, for the ψ+ field of Eq. (11),
may be written as
∂+Ψ+ [A+,Ψ] = 0 (24)
∂−Ψ
† + [A−,Ψ
†] = 0, (25)
where ∂± = ∂1 ± i∂2 and A± = A1 ± iA2. The matter density (10) then reads
ρ = −iT a(ψ†mfmanψn) = iψ
†
m[T
m, T n]ψn = −i[Ψ
†,Ψ], (26)
and the Chern-Simons equation (17) becomes
∂−A+ − ∂+A− + [A−, A+] =
2i
κ
ρ. (27)
For the field ψ− of Eq. (14), the equations may be written as
∂−Ψ+ [A−,Ψ] = 0 (28)
∂+Ψ
† + [A+,Ψ
†] = 0 (29)
∂−A+ − ∂+A− + [A−, A+] =
2i
κ
ρ. (30)
In order to find the solutions of these field equations we employ some standard
Lie group notation [12] [13]. The group generators are given in the Cartan-Weyl
basis, with the commuting set which comprises the Cartan subalgebra, denoted by
H i = (H i)†, and the ladder generators denoted by E±n = (E∓n)†. The index i ranges
over the rank r of the group, while n ranges up to s such that 2s + r = d, the
dimension of the group. It is always possible to select an r-member subset of the
ladder operators that satisfy
[En, E−n
′
] = δnn′
r∑
i=1
vinH
i, (31)
[H i, E±n] = ±vinE
±n, (32)
and the vin = −v
i
−n comprise s real ”root vectors” for n = 1 · · · s with r components,
i = 1 · · · r. Introducing a new symbol, eα = cαE
α such that cα is a numerical factor,
we have
[eα, e−α
′
] = δαα′h
α (33)
[hα, e−β] = Kβαe
β, (34)
where
hα = |cα|
2
r∑
i=1
viαH
i (35)
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Kαβ = |cβ|
2
r∑
i=1
viαv
i
β . (36)
Kαβ is called the Cartan matrix. Now we will show that a special Ansa¨tz reduces the
self-dual equations to integrable nonlinear equations. This is achieved by using the
field decomposition in the form,
Ψ =
r∑
α=1
uαe
α (37)
A− =
r∑
α=1
Aαh
α (38)
A+ = −
r∑
α=1
A∗αh
α. (39)
For the ψ+ field, the self-dual matter field equation reads
∂+uα − uα
r∑
β=1
KαβA
∗
β = 0. (40)
This equation can be solved for A∗α:
A∗α =
r∑
β
K−1αβ ∂+ log uβ. (41)
Similarly, for the ψ− field, we find,
∂−uα + uα
r∑
β=1
KαβAβ − it(∂−Ef)uα = 0, (42)
Aα = −
r∑
β=1
K−1αβ ∂− log uβ. (43)
The Chern-Simons equations, Eqs (27) or (30), can then be written, by virtue of
(38) and (39), as
∂−A
∗
α + ∂+Aα =
2
κ
ρα, (44)
where ρα ≡ u†αuα for this representation. From Eq.(44) and Eq.(41) or (43), we finally
find that the matter density ρα satisfies the Toda equation,
∇2 ln ρα = ±
2
κ
r∑
β=1
Kαβρβ , (45)
where the ± signs are for the solutions for the cases (11) and (14), respectively. From
this Toda equation, we can find the solutions for the general gauge group SU(N).
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This shows that one can find the solutions for the self-dual equations of the theory
(1) for general group SU(N).
The total energy of the system can be written as
E =
∫
d2rH =
∫
d2r[
1
2
(F a12 +
u
2
ρa±)(F
a
12 +
u
2
ρa±) +
1
2
(g −
u2
4
)ρa±ρ
a
± ±mψ
†
±ψ±]
= ±m
∫
d2rψ
†
±ψ±, (46)
where ψ†±ψ± =
∑
i ψ
†i
±ψ
i
± with i denoting the components of the field multiplet, and
we have used the Gauss’ law constraint and the consistency condition (19) and (20).
Note that these consistency conditions are such that all the quartic interaction terms
in the Hamiltonian cancell out as in the Jackiw-Pi model.
The Toda equation (45) for general SU(N) is not soluble in closed form. For the
case of SU(2), however, Eq.(45) reduces to the Liouville equation,
∇2lnρ± = ±
4
κ
ρ±, (47)
which is completely integrable.
If we take the case of Eq.(11), ρα becomes ρ+ and κ < 0 is required in order to
have nonsingular positive charge density ρ+. If we take the case of Eq.(14), on the
other hand, ρα = ρ− and κ > 0 is required for the nonsingular density ρ−. That is,
both solutions involve only one of the (2 + 1)-dimensional spinor field components,
depending on the sign of κ. This corresponds to the embedding of U(1) into SU(2).
The most general circularly symmetric nonsingular solutions to the Liouville equa-
tions (47) involve two positive constants r± and N± [3]:
ρ± = ∓
2κN 2±
r2
[(
r∓
r
)N± + (
r
r∓
)N±]−2, (48)
where r∓ are scale parameters and the (−) sign for the negative κ and the (+) sign
for the positive κ. To fix N± , we observe that regularity at the origin, ρ±∼r2N±−2
as r→0, and at infinity, ρ±∼r−2N±−2 as r→∞, requires N±≥1. Especially for single-
valuedness of ψ±, N± must be an integer [11, 13]. The total charge of the soliton is
then given by
Q± =
∫
ρ±d
2r = ∓2πκN± > 0, (49)
which is the same as that of ref. [12] [13]. From the solution (48), for the SU(2) case,
the total energy of the system can be shown to be
E = ±m(2π|κ|N±). (50)
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We have thus extended the four-fermion theory coupled to Maxwell-Chern-Simons
field [11], which admits static multi-vortex solutions, to the one with non-Abelian
symmetry. We have shown that this non-Abelian model also admits the multi-vortex
solutions. This is achieved through the introduction of an anomalous magnetic in-
teration term in addition to the conventional minimal gauge coupling, which is re-
sponsible for the right-hand side of Eq.(18) that guarantees the consistent Gauss’ law
constraint, Eq.(17). Although the multi-vortex solutions for the SU(2) case are the
same as those of Jackiw-Pi model, the moduli space dynamics [14] of these solutions
will be quite different due to the Maxwell term in the Lagrangian which is quadratic
in time derivatives of the gauge field.
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